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Algebra/Coalgebra Interaction
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» Brzozowski minimization [Brzozowski 64, Adamek et al. 12, Bezhanishvili et

al. 12, Bonchi et al. 14]
Determinization [Bartels 04, Jacobs 06, Silva et al. 10]
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State/predicate transformer duality [Abramsky 91, Bonsangue & Kurz 05]

Q: What is the glue relating the algebraic & coalgebraic structure?
A: Adistributive law A : FG — GF



Distributive Laws [Beck 69]

» FFG:C—C
» natural transformation \ : F'G — GF
Fax —X . grx
FG fl lGFf
FGY GFY

Y

» If I is part of a monad (F, 11, n), also require

X AF

F?G —> FGF — GF? G
| | VN
rG Gu
FG GF FG—— GF

A A



Distributive Laws [Beck 69]

» originally intended for monad composition

» can lifta G-coalgebra (X, 7) to a G-coalgebra (F X, A\x o Fv)
» can liftan F'-algebra (X, «) to an F'-algebra (GX, Ga o \x)
» these are endofunctors

F': G-Coalg — G-Coalg G : F-Alg — F-Alg

Fx X2 arpx rox FO°AX oy
al lGa Fyl J’y
X GX FX X




I, GG-bialgebras [jacobs 06]

An [, (G-bialgebra is a structure (X, «v, y) such that
» (X, «)isan F-algebra
» (X,v)isaG-coalgebra
» the two structures cohere as expressed by

Fx -2 x T Lox
Fry Ga
FGX GFX
X

> o becomes a G-coalgebra morphism o : F(X,~) — (X, 7)
> ~ becomes an F-algebra morphism ~ : (X, a) — G(X, a)



This Talk

focus on KA-like structures

» [ = variants of regular expressions
» (& = variants of automata

establish the syntactic Brzozowski derivative as the
appropriate distributive law

a (very) slight generalization of the usual syntactic Brzozowski
derivative

lots of examples!



Lambek’s lemma [Lambek 1968]

Lemma
The structure map of an initial F'-algebra is invertible. The structure
map of a final F'-coalgebra is invertible.

Let (X, ) be an initial F'-algebra. There is a unique F-algebra
morphism a1 (X, a) = (FX, Fa)

x -2 FX —% 5> x
o I I Fa I «
FX F2X FX




Lambek’s lemma [Lambek 1968]

» Key observation: commutativity of the left-hand square

-1

x - FX —2% > x

a] IFO{ Ia

FX 2 FX
Fao™! X Fo

» This is just the bialgebra diagram with F' = GG and
)\X == idF2X

FX X FX
Fa™t Fa
F?X F?X




Determinization [Bartels 04, Jacobs 06, Silva et al. 10]

Ordinary DFA with states X

t:1—>X g : X =5 X e: X =2

(X, ¢,0) is a coalgebra for the functor G = 2 x (—)*

Acceptance

» §: > — X — X extends uniquely to a monoid
homomorphismd : ¥* — X — X

» foranyw € X%, c0d,00:1— 2
» w is accepted if the value of this function is 1



Determinization [Bartels 04, Jacobs 06, Silva et al. 10]

Nondeterministic automaton: similar, except
L1 — 2% 0u: X — 2% e: X =2
(X, ¢,0) is a coalgebra for the functor GP = 2 x (P (—))*

Acceptance

» §:2 — X — 2% extends uniquely to a monoid
homomorphism § : ©* — X — 2% using Kleisli composition

gef=nkxoPgof
» foranyw € X¥,ce0d,00:1— 2
» w is accepted if the value of this function is 1



Determinization [Bartels 04, Jacobs 06, Silva et al. 10]

Classical determinization: subset construction [Rabin & Scott 59]

...which amounts to Kleisli lifting

6o X — 2% = 68 = p o Py, - 2% — 2%

e X =2 = el =puloPe:2% =2
giving
11— 2% o 2% 2% el 2% 2

(2%, &7, 87) is a coalgebra for the functor G = 2 x (—)*



Determinization [Bartels 04, Jacobs 06, Silva et al. 10]

» The more abstract construction applies to any monad
(£, 1, m) on Set

» models an abstract branching structure in the same way the
powerset monad models nondeterminism

» many examples in automata theory and coalgebraic modal
logic

Let G = B x (—)*
(B, B) observations, 5 : FB — B
G F'-automaton with components

11— FX 0 : X > FX e: X — B

analog of nondeterministic automata with ' = Pand B = 2



Determinization [Bartels 04, Jacobs 06, Silva et al. 10]

Can determinize by Kleisli lifting to get
11— FX  §:FX—-FX & .:FX—B
where
6 = jux o Fo, el FX - B

(FX, 4", ") is a G-coalgebra with observations B



Determinization [Bartels 04, Jacobs 06, Silva et al. 10]
What makes this work, and how general is it?

Consider the distributive law A : F'G — GF’ given by

<F7|'1,F7T2> /B><<Fﬂ'a|a62>

Ay : F(B x Y¥) FB x F(Y?¥) B x (FY)*

If Y carries an F'-algebra structure o : F'Y — Y, we have a
bialgebra

ry —2 oy T gy
Fy Ga
F(BxY?®) B x (FY)*

Ay

Apply with (Y, ) = (F X, ux),v= (8o Fe, ux o Fd,)



Determinization [Bartels 04, Jacobs 06, Silva et al. 10]

However, (Y, «) is not limited to free algebras (F X, ux);
any F'-algebra can appear here

Example: alternating automata [Bezhanishvili et al. 20] based on the
double contravariant powerset monad

1ol — 2% 8y X — 22 £:X =2
determinized to

Lol — 2% §f .22 22 ef 22" 52
where

61 = ¥ o N6, el =) o Ne



Kleene Algebra

Idempotent Semiring Axioms

p+@+r)=p@+q+r  plgr)=(pg)r

prq=q+p Ip=pl=p
p+0=p p0=0p=0
p+p=p

p(g+1)=pg+pr a§béa+b:b

(p+qr=pr+qr

Axioms for *
1+pp* <p° g+pr<z = pq<z
1+pp <p° g+ap <z = qp* <z



Brzozowski Derivatives [Brzozowski 64, Rutten 99, Silva 10]

A DFA over ¥ is a coalgebra for the functor G = 2 x (—)*

A coalgebra consists of a pair of maps (¢,6) : X — GX
e: X =2 §: X = X~

observations and actions, respectively

The final coalgebra is the semantic Brzozowski derivative

e: 2% 52 8, 1 2% = 2%
e(A)=[e € A] 5.(A) = {z | ax € A}

Tlverson bracket: [] = 1if ¢ is true, O otherwise



Brzozowski Derivatives [Brzozowski 64, Rutten 99, Silva 10]

E : Expy, — 2 D, : Expy = Expy, a € X
E(er +e2) = E(e1) + E(e2) Dg(er +e2) = Dy(er) + Da(e2)
E(e1e2) = E(eq) - E(eq) D,(e1e2) = Dy(e1)ea + E(e1)Da(e2)
Ee)=1 D, (e*) = Dg(e)e*
E(1)=1 D,(1) =D,(0)=0
E(0)=FE(a)=0,ae X D,b)=[b=a],abeXx

» this is a coalgebra Expy, — G/(Expy,)
» L(e) = {language represented by e} is the unique coalgebra
morphism L : Expy, — 2

» used in Brzozowski'’s proof of Kleene’s theorem



KA Bialgebras

To relate KA and finite automata bialgebraically:

» F' = Expy, where Expy;, X is the set of regular expressions
over primitive actions X with constant actions >

» G =2 x (—)%, the coalgebraic signature of ordinary DFAs

Distributive law:
(a slight generalization of) the syntactic Brzozowski derivative

Brz : Expy(2 x (—)”) = 2 X (Expy(—))”

The traditional Brzozowski derivative is Brz,



KA Bialgebras

Brz : Exps(2 x (—)¥) — 2 x (Expsy(—))*
usually presented in curried form

E : Exps(2 x (—)2) -2 D, : Expx(2 x (—)E) — Expy(—), pe X

E(e1 + e3) = E(e1) + E(e2)  Dp(er +e2) = Dp(er) + Dp(e2)
E(eiez) = E(e1)E(e2) Dy(ere2) = Dy(e1)ez + E(e1) Dp(e2)
E(e") = Dy(e*) = Dp(e)e

E(0) = E(p) = 0 D,(0) = Dy(1) =

E(1) =1 Dy(q) = [p= 4]

E(i, f) =1 Dy(i, f) = f(p)



KA Bialgebras

The bialgebra diagram becomes

Expg X a X (£,9) 9% X%
(—)l(e(@),6(x))/=] idy x (cvo—)
Exps(2 x XE) Brzx 2 x (Expy X)

Intuitively,

» if you give me a regular expression e € Expy, X and tell me
how to perform derivatives on elements of X using some
(6,6) : X — 2 x X then ...

» | will tell you how to get the derivative of e by substituting
(e(z),d(z)) for zin e to get ¢’ € Expy(2 x X*), then
applying the traditional Brzozowski derivative to €’.



KA Bialgebras
Examples
» Regy, the family of regular subsets of >*

(¢,9)

Expsy; Regy, e, Regy, — 2 x (Regy)™

(—)[(6(A),e(A))/A]

{idg X (aof)

Expys (2 * (Regy)”) — g 2 x (Expy Regy)”
g

» 2%, the final coalgebra

Expy 2 9" 2 x (257

(—)[(e(A),6(A))/A] {idz X (a0 —)

Exps (2 x (277)%) B 2% (Bxes 27")”
2



KA Bialgebras

Here (£,6) : 2% — 2 x (2¥7)¥ is the semantic Brzozowski
derivative

£:2% =2 6y 2% — 2%
e(A) =[e € 4] Op(A) ={z e X" | pr € A}

and « is the usual evaluation function

ale; + e3) = aler) Ual(es) «

)
aleres) ={zy | x € aler), y € alea)} «a(l) =
)



To check that Brz is a distributive law ...

Brzx

Exps (2 X X&) x (Expg X)=

()[f(w)/w]J J()[f(w)/w]
=

Exps (2 X Y¥) T» 2 x (Expy Y)

5. F Brzx 5, Brzrx )
Expy (Expg (2 X X)) ———> Expg (2 X (Expg X)™) ——> 2 x (Expg (Expy X))

G Gu

Exps (2 x X=) x (Expy X)®

BI'ZX

2x X*

v\

Exps (2 X X¥) —>2>< (Expss X)=



Kleene Algebra with Tests (KAT)

(K,B,+,-"*,7,0,1), BC K

> (K,+,-,*,0,1)isaKleene algebra

» (B,+,-,,0,1)isaBoolean algebra

» (B,+,-,0,1)isasubalgebraof (K,+,-,0,1)

» encodes imperative programming constructs
» subsumes Hoare logic

piq pq

if bthenpelseq bp + bq

whilebdop (bp)*b

{b} p{c} bp < pc, bp = bpe, bpc =0
{oct p{c} N

_ bepe =0 = (c(bp)*b) b =0
{c} while bdo p {bc} cpe (c(bp)™®)



Guarded Strings [Kaplan 69]

2] action symbols T test symbols

B = free Boolean algebra generated by T°
At =atomsof B ={a,[3,...}

Guarded strings GS = At - (X - At)*

QP11 P+« + Oy 1 POy



Standard Language Model for KAT

Regular sets of guarded strings over >, T’

For A, B C GS,

A+B=AUB AB = {zay | za € A, ay € B}
A=JAar=AuA vy

n>0

1 =At 0=0

» p € Yinterpreted as {apf | a, § € At}
» b e T interpreted as {a | a < b}
The regular subsets of GS forms the free KAT on generators 3, T'



KAT Coalgebras

KAT automata = automata on guarded strings

coalgebras for the functor G = 24t x (—)AtxE
e: X = 2% 0 X — XA
The final coalgebra is
c - 2G5 N 2At 5 - 2GS N (QGS)AtXZ
ca(A) = [a € A] dap(A) = {z | apz € A}

This is the semantic Brzozowski derivative



KAT Bialgebras

Functors:

> F' = Expy, 5, where Expy, 5 X = KAT expressions over
indeterminate actions X, constant actions 2., tests B

> G = 2/t x (—)A™X the signature of automata on guarded
strings

Distributive law: the syntactic Brzozowski derivative
Brz : EXF’Z,B(2At X (_)Atxz) — 27 x (EXPE,B(_))AtXE
usually presented in curried form

Eq : Expg (27 x (—)A%) — 2
Dy EXPz,B<2At X (_)Atxz) — EXPE,B<_>

fora € Atandp € ¥



KAT Bialgebras

Eq : Expg (27 x (—)A%) — 2
Dy EXpE,B<2At X (_)Atxz) — EXPz,B(_>

Eq(e1+ e2) = Ea(e1) + Ea(e2) Ea(0) = Ea(p) =0
E.(e1e2) = Ey(e1)Eq(e2) E,(1)=1

Eu(e) = Eu(i, f) = i(a)
Dap(er +e2) = Dap(e1) + Dap(e2) Dap(0) = Dap(1) =0
Dap(ere2) = Dap(er)ez + Ea(e1)Dap(ez)  Dap(q) = [p = g
Dap(e”) = Dap(e)e” Doy (i, f) = flap)



KAT Bialgebras
Examples
» final coalgebra 2°

g (57 5)

Exps 5 9GS 9GS 9At (2GS)At><E
(—)[((A),6(A))/A] }idw x (00 —)
EXPE B(2At % (2GS)At><E) - 2At % (EXPE B 2GS)At><E
’ BI‘ZQGS ’

» Regy, = regular subsets of GS

)
Expy, Regy, g Regs; 2™ % (Regy)™

(—)[(6(A),£(A))/ Al

WidZAt X (00—)

Exps (2™ x (Regs))® x 2) ———> 2" x (Expy, Regy)”
Brzpeg,,



KAT Bialgebras

(g,0) : 265 — 2At ¢ (265)AXZ g the semantic Brzozowski
derivative, where

o129 =2 Op = 2°° — 268

ea(A) =[a € A] dap(A) ={z € X" | apzr € A}

o is the usual evaluation function on regular expressions over
subsets of GS

oler+ez) =o(er) Uo(er) (0

o(eres) = {zxay | za € g(er), ay € o(ea)}  o(1

o(er) = Jo(e) o(A)=A

n

o(p) ={apB | o, B € At}

o(e) = {language represented by e} is the unique coalgebra
morphism e : Exp — 2°°



NetKAT [Anderson et al. 2013]

A programming language/logic for programmable networks

» primitives for modifying and filtering on packet header values,
duplicating and dropping packets

» duplication (+), sequential composition (-), iteration (*)
» can specify network topology and routing, end-to-end
behavior, access control

» integrated as part of the Frenetic suite of network
management tools [Foster et al. 10]



NetK AT Axioms

Actions x :=n,testsx = n

ri=ny:=m=y:=m;x:=n (x £y)
r=ny=m=y=m;x:=n (x £y)
r =n;dup =dup;x =n
TI=Nr=Nn=r:=n
r=n;r:=n=2xr=n
TI=nri=m=x:=m

xr=n;r=m =drop (n#m)
(>, x =mn) = skip

vVvvyvyVvYVYyYvyy



Reduced Axioms

Actions p € P,atoms a € At
> p= (1= N1 5T = Ng)

> a, = (x1 =ng; - ;x = Ng)

> adup =dupa
> app =y
> gp=p



Standard Model

Standard model of NetKAT is a packet-forwarding model
le] : H — 2ft
where H = {packet traces}

» 4 is conjunctive
» sequential composition is Kleisli composition

Remarkably, satisfies all the KAT axioms!



Language Model

Regular sets of NetKAT reduced strings
NS=At-P-(dup-P)"  apydup pydup---dup p,
For A, B C NS,
A+B=AUB AB = {axyq | azp € A, a,yq € B}
A*:UA” 1={opp|pe P} 0=0

n>0

> p € Pinterpretedas ) ap
» o € Atinterpreted as ap,
» dup interpreted as Zp app dup o,

This is the free NetK AT on its generating set



NetKAT Coalgebra [Foster et al. 14]

NetKAT automata/coalgebras are coalgebras for the functor
G = 2At><At % (_)AtxAt

£: S —y QAtXAt 5 S — SAtXAt

The final coalgebra is

c: 2NS SN 2At><At 5 . 2NS N (2NS)At><At
cap(A) = laps € A]  0ap(A) = {fz | apsdupxz € A}



NetKAT Bialgebras

Functors

» ['= NExpp p = NetKAT expressions over indeterminate
actions X, constant actions P, tests B

P G = 2AAL i ()AEXAL the signature of NetKAT automata

Distributive law: the syntactic Brzozowski derivative

Brz : NEXPP,B(2AtXAt X (_)AtxAt) N 2At><At % (NEXPRB(_))AtXAt

Eaﬁ . NEXPP,B(2AtXAt % (_)AtxAt) 59
IR NEXPP,B(QAtXAt X (=)A= NExpp 5(—)

fora, B € At



NetKAT Bialgebras

Eus(p) = [p = pg] Dos(p) =0
Eop(b) = [a =< b] Dap(b) =0
E,s(dup) =0 D,s(dup) = o - [a =
Eap(g, f) = 9(a, B) Dap(g, f) = f(e, B)

Eap(er +e2) = Eag(e1) + Eapl(e2)

Eapg(erez) =3 Eay(e1) - Eyple2)

Eap(e”) = la =Bl + 3, Eay(e) - Eyp(e)

Dagler + e2) = Dag(e1) + Daglez)

Dagleres) = Dag(er) - €2 +3_., Eay(e1) - Dys(e2)
Dag(e”) = Dag(e) - € + 32 Eay(e) - Dygle”)



NetKAT Bialgebras

Eus(p) = [p = pg] Dos(p) =0

Eop(b) =[a=p <1 Dqp(b) =0

Eqp(dup) =0 Dag(dup) = - [ = f]
Eap(g, f) = g(a, B) Dag(g, f) = f(, B)

wherep € P,b € B,and (g, f) € 2AXAt x XAtXAt

Eogler + e2) = Eapler) + Eaplez)

Ea/ﬁ(e 2) =22, Eay(e1) - Eyplez)
D=la=8+>, Eow( ) - E,5(e*) circular!

D (e +e2) = Dogler) + Dag(e2)

Dagleres) = Dag(er) - €2 +3_., Eay(e1) - Dys(e2)

Dag(e”) = Dagle) - €* + Z’y Eay(e) - Dyple”)

circular!



NetKAT Bialgebras

Use matrix operations on At x At matrices! [Foster et al. 15]

E(e1 +e3) = E(er) + E(es)

(ere2) = Eer) - E(ez)

(e") =1(1) + E(e) - E(e")

(e1 4+ e2) = D(ey) + D(es)

(ere2) = D(eq) - I(e2) + E(er) - D(e2)
(e") = D(e) - I(e*) + E(e) - D(e")

so for E(e*) and D(e*) we can take
E(e") = E(e)* D(e") = E(e)" - D(e) - I(e")



NetKAT Bialgebras

NExp, 5 oNs g oNs (£,9) QALXAL o (2NS)At><At

(=)(e(A),6(A))/A] idyaceac X (00 =)

NEXpP,B(QAtXAt X (2NS)At><At) 2At><At x (NEXPP,B 2NS)At><At

Brzyns

(g,0) : 2NS — QAtXAL 5 (ONS)ALXAt js the semantic derivative
e(A)as = laps € Al 6(A)as = {Bz | apg dup = € A}

o : {NetKAT expressions} — 2° is the evaluation function



GKAT [Smolka et al. 20]

Guarded KAT (GKAT) restricts KAT to guarded versions of + and *

p+uq if bthenpelseq
p® whilebdop

» almost linear time decidability

» Kleene theorem

» completeness over a coequationally-defined language model
» coalgebraic theory



GKAT Automata/Coalgebras

Strictly deterministic automata = coalgebras for the functor
G=2+%x(—))"

Intuitively v : X — (2 + 3 x X)A operates as follows:
» atoms a € At come in from the environment
» the program responds by either
» performing an action p and moving to a new state

(v(s)(@) = (p, 5))
» halting and accepting (v(s)(a) = 1)
» halting and rejecting (y(s)(a) = 0)



A Counterexample [Kozen & Tseng 08]

All GKAT expressions correspond to automata, but not vice versa

Q1pP21



GKAT Bialgebras

Functors
> F' = GExpy, g, where GExpy, 5 X = GKAT expressions with
operators e1 ; €9, €1 +p €9, and e®) over indeterminate actions
X, constant actions Y, tests B

> G= (24 x ()N
Distributive law: syntactic Brzozowski derivative

Brz : GExpy p((2 + X X (=)™ = (242 x GEXpZ,B(_))Atu

D, : GEXPE,B((Q + X X (—))At) — 24+ XX GEXPEVB(_>

fora € At



GKAT Bialgebras

Dy(e1), a<b
Daler v e2) = {Da(ez) a<h
(pa 61162) Da(el) = (paea)
Da(eleg) = Da(eg) Da(el) =1
0, Da(el =0

0 Do(1) = Da(b) = o < B]
Dq(p) = (p, 1) Do (f) = f(a)

wherea € Atbe B,pe X, f € (24 X x X)X



>

>

KAT+B! [Grathwohl et al. 14]

Add mutable tests b! and b7 to KAT whose behavior is
specified equationally

Conservatively extend any KAT with a minimal amount of
extra structure sufficient to perform certain program
transformations at the propositional level without sacrificing
decidability or deductive completeness

Central result: A representation theorem for the commutative
coproduct of an arbitrary KAT K and a finite relation algebra,
namely that it is isomorphic to a certain matrix algebra over K



KAT+B! [Grathwohl et al. 14]

> setters b!,b!  (think: b := true, b := false)
> testers b7, b?

Axioms
> blb? = b
> b7b! = b?
> blb! = b

> bl =clb! (b#¢)

> ble? = (b ¢ {cc})
Consequences

> blb! = bl

> b!h? =0



KAT+B! [Grathwohl et al. 14]

» F,, = the free Bl-algebraon by, ..., b,, isomorphic to
Mat(2", 2) = the full relation algebra on 2" states

B!is PSPACE-complete

» can conservatively extend any KAT with mutable tests via a
commutative coproduct construction (K @ F,)/C

» (K@ F,)/C = Mat(2", K)
» KAT+B!is exponential-space complete

v



Characterization of F),

Lemma
Every element of F,, can be written as a finite sum ) . ;7 3;!.

aldl iff=x
0 otherwise

(a?B)(v76!) = {

Theorem
F, ~ Mat(2",2).

a?’f!l =« 1




Commutative Coproduct
LeteC' ={ab=ba|a€ K, be F}.

Lemma
Iff: K — H,g: F — Hsuchthatforalla € K,b € F,

fa)g(b) = g(b)f(a),
then there exists a unique universal arrow
[f9l: (Ko F)/C—H

commuting with the canonical injections

7 7
KL(K@F)/CuLF

[f, g]
f

H



Commutative Coproduct
Let K be an arbitrary KAT and let ' be a finite KAT.

Lemma
Every element of (K @ F')/C' can be written as a finite sum

ZsEF pSS'

Theorem
(K @ F,)/C = Mat(2", K).
B
Py
a?fBl = « 1 P
p

papga?fl — a Pap




Commutative Coproduct

Corollary
The commutative coproduct (K & F,,)/C'is injective

(= the extension of K with mutable tests is conservative)

It is not known whether the coproduct of arbitrary KATs is injective



Complexity

Theorem
KAT + B! is EXPSPACE-complete.

A binary counter:

bO'abl ) b’n 1'1
while bo‘? + 0?7+ b 17 ]
if BO{? then bo',
else if by? then by!; by!;
else if by? then by!; by!: by!:
else ..
else if Bn—l? then l_)()',l_)l', s [_)n 2: ,bn 1 ;
else skip



KAT+B! Bialgebra

Let
» Atp = {atoms of non-mutable tests}
» Aty = {atoms of mutable tests}

Functors:

» F' = Expy, 51, where Expy, 5 7 X = KAT expressions over
indeterminates X, constant actions Y-, nonmutable tests B,
mutable tests T'

> G = (8B )AtT XAt 5 (_YAtBXE gyer Aty X Aty matrices



KAT+B! Bialgebra

Distributive law: syntactic Brzozowski derivative

Brz : Expr’T((QAtB)AthAtT 2 (_)AthE>

SN (2AtB)AtT><AtT % EXpZ,B,T<_>AtBXZ

Eo'Ta . EXpE,B,T((2AtB>AtTXAtT % (_)AtBXE) N 2

Dy EXPZ,B,T((QAtB>AtTXAtT X (=)EE) — Exps pr(—)

foro, 7 € Atr,a € Atg,andp € X



KAT+B! Bialgebra

E,o and D,, defined exactly like £, and D, of KAT, except for
the base cases

Eora(t!) = [1 = o[t]] Doy (t1) = At xAtr
Epra(t?) = [0 =7 <t]  Dygp(t?) = QAT xAtr
Bora(M, f) = Myr (@) Dap(M, f) = f(ap)
Eyra(t!) = [1 = olt]] Dap(tl) = AtrxAtr
Epro(t?) =[o =7 < {] Doy (t7) = QA <A
Eora(M, f) = Mor(a)  Dap(M, f) = f(ep)

Dep(q) = ONTAT g £ p

Day(p) = 1(1)

Dap(b) — OAtT xAtp



KAT+B! Bialgebra

Two extremal examples of KAT+B! bialgebras, namely
» Aty x Aty matrices over regular sets of guarded strings
» Aty X Aty matrices over all sets of guarded strings

For the latter with U = (24t )Atr XAt gpnd X = (265 )AtrxAtr,
the bialgebra diagram becomes

Expg pr X g X ¢ U x XMBxE

(D)) /M] idy x (00 —)

EXPE,B,T(U x XAB XE)

U x (EXPEBTX)AtBXE
Brzx o



KAT+B! Bialgebra

where

C . (2GS>AtT><AtT — (2AtB)AtT><AtT % (<2GS>AtT><AtT)AtB><E
is the componentwise semantic Brzozowski derivative for KAT:
C(M) = (ea(M), bap(M))
where
caM)or =€ My bap(M) ={x | apr € M,.}

and o is the evaluation function on regular expressions over
Aty x Aty matrices of subsets of GS



KAT+B! Bialgebra

| think this can be done better!

Break up the KAT+B! derivative into two stages

Exps, . r(Mat(Aty, GX)) — Mat(Atr, Expy, 5(GX))

using the distributive law

Exp(Mat(S, X)) — Mat(S, ExpX)



Matrices over a KA(T) form a KA(T)

{a b}+{e f}_{a—l—e b—l—f}
c d g h| | c+g d+h
a b e f| |ae+bg af +0bh
c d| | g h| |cet+dg cf+dh
0 0 10
o-[5s]  =lo]

a b [ (a+bdc) (a + bd*c)*bd*
c d| | (d+ca*b)*ca* (d+ ca*b)*

a2 20<d

[



Thanks, and stay safe!



