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Posets and cuts
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Distributive lattices
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Profunctors
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Profunctors for sets and categories
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Graph

Profunctor f : [6]—+[4]
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Ascent

Profunctor f : [6]—+[4]
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Ascent
Profunctor f : [6]—+[4]
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Profunctors f : P4—=Q
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Profunctors f : P4—=Q
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UP underlying set of P
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Profunctors f : P4—=Q
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UP underlying set of P

Graph I'f = {(p,q)|g minimal in f(p)°}
Ascent Af = {(p,q)|q € f(p) but g & f(p'),p' < p}

Gunnar Flgystad University of Bergen, Norway Profunctors between posets and preserving cuts



Profunctors f : P4—=Q
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UP underlying set of P

Graph I'f = {(p,q)|g minimal in f(p)°}
Ascent Af = {(p,q)|q € f(p) but g & f(p'),p' < p}

@ Subsets of UP°P x UQ.
o ['f UAf is the boundary of the cut of P°P x Q defined by f.
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Graph and ascent maps

A : UHomro(P, Q) — (UP™® x UQY, f — (Af,-)

[ UHomp(P, Q) — (UPP x UQ), f+— (—,Tf).
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Extending to cuts

(Z, F) cut for Hompo (P, Q).
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Extending to cuts

(Z, F) cut for Hompo (P, Q).

N': Hompro (P, @) — (UP® x UQ), (T, F) — (—,A(F)").

A(F)" is poset filter generated by the cuts (Af, —) for f € F.
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Extending to cuts

(Z, F) cut for Hompo (P, Q).

AT : Hompro (P, Q) — (UP% x UQ), (T,F) > (— A(F)).
A(F)" is poset filter generated by the cuts (Af, —) for f € F.
I Hompro(P, Q) = (UP® x UQ), (Z,F) — (F(2)*,-).

[(Z)* is poset ideal generated by the cuts (—,f) for f € Z.
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P and @ are well-founded posets

Theorem (Preserving the cut)

Let (Z,F) a cut for Hompo(P, Q). Then (F(Z)%,A(F)") is a cut

for (UP°P x UQ).
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P and @ are well-founded posets

Theorem (Preserving the cut)

Let (Z,F) a cut for Hompo(P, Q). Then (F(Z)%,A(F)") is a cut

for (UP°P x UQ).

(UP°P x UQ) = Hom,,,(UP, UQ).
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Example

Cut (Z, F) for Hom o ([6], [4])
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Example

Cut (Z, F) for Hom o ([6], [4])
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Example

Cut (Z, F) for Hom o ([6], [4])

Graphs of f € Z

Ascents of f € F

@ Any subset S of [6]°P x [4] either contains a blue path “from
F, or
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Example

Cut (Z, F) for Hom o ([6], [4])

Graphs of f € Z

Ascents of f € F

@ Any subset S of [6]°P x [4] either contains a blue path “from
F, or

@ The complement S€ contains a red path “from Z".
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Example

Cut (Z, F) for Hom o ([6], [4])

Graphs of f € Z

Ascents of f € F

@ Any subset S of [6]°P x [4] either contains a blue path “from
F’, or
@ The complement S€ contains a red path “from Z".

@ These two cases are mutually exclusive.
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Open problem

Natural inclusions UP — P and UR — Q.

Can you get functorially from:
Cut (Z, F) for Homp(P, Q), to
Cut (F(Z)+, A(F)T) for Hompro (UP, UQ)?
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Open problem

Natural inclusions UP — P and UR — Q.

Can you get functorially from:
Cut (Z, F) for Homp(P, Q), to
Cut (F(Z)+, A(F)T) for Hompro (UP, UQ)?

~ 1__ Al e,
Homro(P, Q) . Hom oro(UP, UQ)

\/

Hom (UP, Q)
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Cuts in Boolean posets
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< simplicial complexes

f1,2, %%
112 §2.33 \“\\)(fzkzg
5 f\l’) £33
\ ﬂ

/

0 CukC gies Somplicial complex ? @<:
L

3



Application |

Lots of spheres

Let @ = [n] so Q = [n +1].

Cut (Z, F) in Hom(P, [n + 1])
~ cut (T(Z)*, A(F)T) in Boolean poset (UP°P x U[n]).
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Application |

Lots of spheres

Let @ = [n] so Q = [n +1].

Cut (Z,F) in Hom(P, [n + 1])
~ cut (T(Z)*, A(F)T) in Boolean poset (UP°P x U[n]).

Theorem

This corresponding simplicial complex is a triangulated ball. Its
boundary has a simple compact description and is a simplicial
sphere.
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Application |

Lots of spheres

Let @ = [n] so Q = [n +1].

Cut (Z,F) in Hom(P, [n + 1])
~ cut (T(Z)*, A(F)T) in Boolean poset (UP°P x U[n]).

Theorem

This corresponding simplicial complex is a triangulated ball. Its
boundary has a simple compact description and is a simplicial
sphere.

Two previously studied cases:

@ When P is antichain and n = 1: Bier spheres (A.Bjorner,
G.Ziegler et.al.)

@ When P is a chain [m]: Squeezed spheres (G.Kalai)
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Application |l

Ideals in polynomial rings: Strongly stable ideals
Hompro (N, N) = Hom(N, N) = Hom(N, N U o).

o Self-dual poset (another advantage of profuntors!)

o May be given a topology
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Application |l

Ideals in polynomial rings: Strongly stable ideals
Hompro (N, N) = Hom(N, N) = Hom(N, N U o).

o Self-dual poset (another advantage of profuntors!)

o May be given a topology

One-to-one correspondence (must use I or A):
@ Open poset ideals Z in Hom, (N, N)

@ Strongly stable ideals in infinite dimensional polynomial ring
k[x1,x2, ..y Xn, -]
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Application |l

Ideals in polynomial rings: Strongly stable ideals
Hompro (N, N) = Hom(N, N) = Hom(N, N U o).

o Self-dual poset (another advantage of profuntors!)

o May be given a topology

One-to-one correspondence (must use I or A):
@ Open poset ideals Z in Hom, (N, N)
@ Strongly stable ideals in infinite dimensional polynomial ring
k[x1,x2, ..y Xn, -]
One-to-one correspondence:
o “Dedekind cuts” (Z, F) in Homp, (N, N),
o Dualizable strongly stable ideals in k[xi,...,x,,...].
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Is there a functorial setting?

Natural inclusions UP — P and UQR — Q.
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Is there a functorial setting?

Natural inclusions UP — P and UQR — Q.

Hom pro(P, Q) = Hom o (UP, UQ)

\/

Hom,o (UP, Q)
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Is there a functorial setting?

Natural inclusions UP — P and UQR — Q.

Hom pro(P, Q) = Hom o (UP, UQ)

\/

Hom,o (UP, Q)

Thank you!

Gunnar Flgystad University of Bergen, Norway Profunctors between posets and preserving cuts



